, Cu3TeO6 turns out to be highly favourable for the experimental observation, as its optical magnons are spectrally sharp and intense due to the highly interconnected spin network and the large magnetic cell. The observed magnon band crossing generally has the form of a special type of Z2-topological nodal lines [19] that are yet to be found in fermion systems, rendering magnon systems a fertile ground for exploring novel band topology.
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Magnons are quantized spin-1 collective excitations from an ordered magnetic ground state. Unlike electrons, magnon band crossing does not require a suitable chemical potential to be observed. However, many magnetic materials have primitive cells that contain too few spins to allow for any band crossing at all. It was previously envisioned that topological magnon band crossing in the form of Weyl points, which occur at generic crystal momenta, would only be possible in the restrictive cases of non-centrosymmetric crystal structures [13] or certain types of ferromagnets [14] . Meanwhile, in light of the additional symmetry requirement for stabilizing Dirac-point-like electronic band crossing [7] , the magnetic space groups [20] appear considerably more complicated than the crystallographic space groups [21] [22] [23] . Recently, some of us proposed that topological magnon band crossing may occur in a large class of antiferromagnets [15] , as long as the PT (time reversal followed by space inversion) symmetry is present. This unlocks far more materials to be considered than previously thought. Inelastic neutron scattering (INS) is by far the best method to visualize magnon dispersions in three dimensions. However, experimentally observed magnon bands are not always clear and sharp. Poor sample mosaic, crystal defects, thermal broadening and instrumental resolution all contribute to the experimental linewidth. For antiferromagnets, the intrinsic linewidth (even in perfect crystals at zero temperature) is further increased by quantum fluctuations [24] that are strong in systems with reduced dimensionality, frustrated interactions, and small spin quantum numbers. In fact, quantum fluctuations can be as severe as causing magnons to disintegrate into fractionalized 'spinon' excitations in one [25] and two dimensions [26, 27] .
The above considerations cast a somewhat pessimistic perspective on the proposal [15] that Cu3TeO6 is a candidate material for the observation of topological magnons. Cu3TeO6 develops antiferromagnetic order below TN = 61 K (Extended Data Fig. 1 ). The order features a bipartite and predominantly collinear arrangement [17] of spin 1/2 on the Cu 2+ sub-lattice (Fig. 1a) . The apparent difficulty is that each Cu 2+ has only four nearest neighbours connected by the antiferromagnetic interaction J1, i.e., the coordination number (N = 4) is the same as in a two-dimensional square lattice [18] . Even though a second-nearest-neighbour interaction (J2) might exist, it is expected to be weak, as otherwise the magnetic lattice becomes frustrated [17] . Moreover, spin 1/2 is the extreme case for strong quantum fluctuations.
But as we will show below, the true magnetic interactions in Cu3TeO6 are dominated by antiferromagnetic J9 (interaction between the ninth-nearest neighbours) and J1 with very similar strengths. Although surprising at first sight, the prominence of J9 can be understood as a super-superexchange interaction [28] that gains its strength from the relatively straight bond sequence Cu-O-O-Cu (Fig. 1b) . Additional analyses of the exchange interactions are presented in Extended Data Fig. 2 and Extended Data Table 1 . With J1 ≈ J9, the spin lattice is highly interconnected (N = 8) without frustration (Fig. 1a) , and quantum fluctuations are strongly suppressed. (Fig. 2a) , and they completely collapse into a featureless cloud of paramagnetic excitations at 73 K (Fig. 2b) , which is not far above TN. Despite this drastic change, the inelastic spectral weight is approximately conserved (Fig.  2d) . Therefore, we can be assured that the transition at TN is highly three-dimensional (or mean-field-like), and that the spin excitations below TN are regular magnons that should be describable by a linear spin wave theory (LSWT). The case here is clearly different from some of the best-known low-dimensional spin-1/2 antiferromagnets, where LSWT has only limited success in describing the spin excitations in the ordered state [25] [26] [27] , and where similar spin excitations are found to persist well into the paramagnetic state [25] . At 4 K, a total of six magnon branches are observed, suggesting that they are all doubly degenerate (since the primitive cell has twelve Cu 2+ ions) and that the spin Hamiltonian has U(1) spin-rotation symmetry [15] . But this can only be approximately true, because we do observe a small anisotropy gap at the bottom of the 'acoustic' branch ( Fig. 2e and f) . We will come back to this point later. accuracy. e and f, Data near the bottom of the acoustic magnon branch, measured at 4 K with Ei = 8 meV. A small anisotropy gap (~ 2 meV) is observed. All measured intensities are displayed in absolute cross section units (see Methods), and error bars indicate statistical uncertainty (one standard deviation).
Our highly extensive INS data allow us to determine the magnon spectrum over many Brillouin zones (BZs, Fig. 2c ), in which we expect different dynamic structure factor S(Q,ω) but the same dispersion ωm(q). Here, Q and ω are respectively the momentum and energy transfers of the scattering, m is the magnon branch index and q is the displacement of Q from the nearest BZ centre. Figure 3a -c displays raw INS data obtained along three different sets of high-symmetry lines in momentum space. The data are extremely clean, which gives us confidence in extracting ωm(q) simply by inspection (Extended Data Fig. 3a) . By fitting the experimental ωm(q) using LSWT (see Methods and Extended Data Fig. 3) , we conclude that interactions up to J9 are necessary to describe the optical magnon dispersions. An effective anisotropy parameter is needed to describe the acoustic branch, but it does not affect the fitting of the optical branches. Using the optimized parameter set (Extended Data Table 1), we then calculate S(Q,ω) in all measured BZs (Fig. 3d-f) , with the only remaining adjustable parameter being the size of the moments (0.78 μB/Cu 2+ , see Methods for detail). The agreement between the measurement and the calculation is astonishingly good, especially concerning the extremely rich structures in S(Q,ω). To our knowledge, this is probably by far the most successful LSWT description of experimentally observed magnons in a spin-1/2 system. Table 1 ). The same dispersions are applicable to the trajectories in a and c, which are equivalent in the reduced zone scheme. d-f, Calculated magnon S(Q,ω) along the same trajectories as in a-c using the same optimized parameter set. All measured INS intensities are displayed in absolute units (after Fig. 2) , and all calculated intensities are displayed in the same units after dividing by a global rescaling factor of 1.28 (see Methods), which is used throughout the paper. We are now in a position to use the LSWT calculation to guide our search for topological band crossing in our INS data. According to the general theory [15] , the P-point of the BZ (Fig. 2c) is always a crossing point (a Dirac point) when the system has U(1) spin-rotation symmetry. These Dirac points are indeed found in our calculated dispersions (Fig. 4a, solid lines): the six doubly-degenerate bands cross at three Dirac points located at the P-point at different energies. Two of them are very close together near 15 meV. The exact locations of these two Dirac points, as well as additional Dirac points nearby, sensitively depend on the details of the interactions (Extended Data Fig. 4 ) that fall beyond the precision of our measurements. Therefore, we focus here on the Dirac point between the topmost magnon bands at about 18 meV, which can be more clearly resolved.
We first compare INS spectra measured along momentum cuts that have the same ωm(q) but different S(Q,ω). Data from different Q (but the same q) highlight the bands in different fashions, and the contrast between them allows us to better identify the common dispersions. Figure 4a -b presents cuts connecting a P-point to two of its neighbouring H-points. In both the measurement and the calculation, the two bands near 18 meV are equally intense as Q moves away from P(1.5, 0.5, 1.5) towards H(1, 0, 2), whereas only the high-energy band is pronounced as Q moves towards H(2, 1, 2). This Q dependence of S(Q,ω) results in a distinct envelope shape of the magnetic intensity (magenta dotted lines in Fig The presence of this Dirac-point-like crossing is further evinced by organizing the INS data into energy distribution curves (EDCs). Figure 4c&d displays data along a straight line in Q space, going from an H-point to a Γ-point via a P-point. Close to the P-point, we present EDCs at a series of Qs (Fig. 4e&f) . The EDCs are fitted by one or two Gaussian peaks, depending on whether the profile is consistent with a single peak that has a resolution-limited width (known to be about 0.58 meV full width at half maximum in these measurements). The fitted peaks disperse in a linear fashion through the P-point, with dispersion velocities consistent between the two different H-P-Γ cuts (Figs. 4c&e vs. d&f), and between the empirical fits (black lines in Fig. 4c&d ) and the LSWT calculations (Fig. 4a) . Based on this highly consistent set of evidence, we conclude that the topological magnon band crossing is confirmed in our experiment.
Even though a Dirac-point-like band crossing is fully consistent with our INS data, Dirac points are only the limiting case of nodal rings that carry Z2 topological monopole charges [19] , and they additionally require the presence of U(1) spin-rotation symmetry [15] . The U(1) symmetry in turn requires the magnetic ground state to be collinear, and the underlying spin Hamiltonian to be either isotropic (Heisenberg) or globally easy-axis XXZ. In the former case, the antiferromagnetic order breaks a continuous symmetry, so the spin excitations must be gapless, which is inconsistent with our experiment (Fig. 2e&f) . The latter case is compatible neither with spin 1/2 nor with the high crystal symmetry of Cu3TeO6. Therefore, we believe that the U(1) symmetry must be broken in Cu3TeO6, which necessitates a slightly noncollinear magnetic ground state that is not inconsistent with neutron diffraction results [17] . Subsequently, the observed Dirac points must in fact be tiny nodal rings that are too small to be experimentally resolved. Demonstrating the possibility to have sizable nodal rings in other magnetic materials (with stronger U(1)-symmetry breaking interactions) will be interesting. In fact, magnon systems are superior to electron systems for finding such nodal rings. For electrons, the PT symmetry is required in conjunction with the absence of spin-orbit coupling, which is never strictly true, in order to protect such nodal rings [19] . Only the PT symmetry is required for magnons.
On top of this minimal requirement, additional symmetries, such as in the case of Cu3TeO6 here, may bring intriguing features to the magnon bands that deserve further investigation. The symmetry-enforced Dirac points (with U(1)) at the two P-points can be shown to have the same topological charges [15] , so their presence necessitates the existence of additional Dirac points elsewhere in the BZ. Moreover, we discover a 'sum rule' of magnon energies at high symmetry points of the BZ: ∑ ( , 
Methods

Sample growth and characterization
High-quality single crystals of Cu3TeO6 were grown by a flux method using molten PbCl2 as solvent [31] . X-ray Laue backscattering from natural crystal surfaces produces sharp diffraction patterns with an approximate 4-fold symmetry (Extended Data Fig. 1a) , consistent with the cubic space group Ia-3 (#206; a = 9.537 Å) [17] . For the INS experiments, we coaligned about 80 pieces of single crystals by gluing them on aluminium plates using a hydrogen-free adhesive, amounting to a total crystal mass of about 16.8 grams (Extended Data Fig. 1a) . The entire array has a total mosaic spread of about 2 degrees, as determined from the full widths at half maximum of rocking curves measured on the (0, 0, 3) and (2, 2, 0) Bragg reflections (Extended Data Fig. 1b) . Temperature-dependent intensities of the magnetic Bragg reflection (1, 1, 0), as well as uniform magnetic susceptibility, indicate a sharp antiferromagnetic transition below TN = 61 K (Extended Data Fig. 1c-d) . Fitting the hightemperature susceptibility data suggests a Curie-Weiss temperature of about -165 K, consistent with previous results [17] .
INS experiments
Our INS experiments were performed on the 4SEASONS time-of-flight spectrometer at the MLF, J-PARC, Japan [32] . The spectrometer has a multiple-Ei capability [33] , so that data in different energy ranges (with different energy resolutions) can be obtained simultaneously. All data presented were obtained with two chopper conditions: primary incident energy Ei = 28 meV with chopper frequency 250 Hz (low resolution), and primary Ei =31 meV with chopper frequency 400 Hz (high resolution). Two different sample orientations were used in our measurements, with crystallographic direction of either (1, 0, 0) or (1, 1, 0) being placed in the vertical direction. During the measurement, the sample is rotated about the vertical axis over a range of 180 degrees in steps of 0.5 degrees, and data accumulated at each angle were combined together, forming a four-dimensional data set, which we used the Utsusemi
[34] and Horace [35] software packages to reduce and analyse. After a careful alignment of the measured data set with the crystallographic coordinate system using all available nuclear Bragg reflections, the entire data set was down-folded in the three-dimensional momentum space using the full cubic symmetry (Th point group, plus four-fold rotations about the <100> directions; the latter 'symmetries' were introduced by twinning during the crystal growth and the co-alignment processes). The folding resulted in a data volume that is 1/48 of the original, and it greatly enhanced the counting statistics by combining physically equivalent data points acquired by different detector pixels, without introducing any noticeable error. The recorded neutron intensities, first normalized by the amount of proton charge hitting the spallation target, were then compared against measurements of a vanadium standard sample using exactly the same spectrometer conditions, in order to convert the intensities to absolute scattering cross-section units [36] . The resultant cross sections were further corrected for neutron absorption, which is estimated to cause a minimum of 22% reduction of the scattering intensity based on tabulated data [37] , Ei = 28 meV, and an effective sample thickness of 18 mm. The absorption-corrected absolute cross sections are presented throughout the paper.
LSWT fitting and simulations
Although the collinear antiferromagnetic ground state of Cu3TeO6 can be readily understood by considering only the antiferromagnetic nearest-neighbour exchange interactions (Fig. 1a) , spin interactions over longer distances turn out to be necessary for describing the observed spin excitations. We model the spin interactions as:
, where is the Heisenberg exchange interaction between the d th -nearest neighbours. Once the number of interactions (M) and their strengths are chosen, standard Holstein-Primakoff transformation is performed, and the magnon dispersions can be obtained after a straightforward calculation [15] .
Comparing the model to the measurement results, we can first rule out the M = 2 model. Under the notion that there are a total of six observed magnon branches (Figs. 2 and 3) , the optical branches meet at a two-fold and a three-fold degenerate energy point at the Γ-point of the BZ, with the two-fold degenerate energy ( ,2 ) higher than the three-fold degenerate energy ( ,3 ). At the H-point, the six branches meet at two energies ( ,+ and ,− ), both of which are three-fold degenerate. Altogether, we have ,3 < ,− < ,2 < ,+ , which turns out to be incompatible with the analytical expressions of the corresponding energies calculated from the M = 2 model: As M is further increased, analytical expressions at high-symmetry BZ points are no longer sufficient to determine the interactions. Therefore, we proceed by attempting to fit the magnon dispersions along high-symmetry momentum cuts. The high-quality INS data allow us to extract a discrete set of ωm(q) points along the high-symmetry lines, as displayed in Extended Data Fig. 3a . As our main goal here is to use LSWT calculations to guide our search for topological magnon band crossing, we have purposely refrained from introducing bandcrossing structures into the extracted ωm(q) data, in order to avoid biasing the model.
We then perform nonlinear least-squares fitting of the ωm(q) data by the LevenbergMarquardt method. To overcome local-minima problems in the fitting process, we have performed a systematic search by starting from a multi-dimensional grid of the initial parameter set, and used 2 to assess the goodness of the fit obtained from each initial parameter set before a globally optimized result is obtained. The experimental dispersions cannot be well-described by the M = 6 model (Extended Data Fig. 3b) , but the quality of the fit is much improved with M = 7 (Extended Data Fig. 3c) , which results in a parameter set that is dominated by J1 and J7. However, structural considerations indicate that the exchange pathway of J9 is even more favourable for a strong interaction than that of J7, see Fig. 1b and Extended Data Fig. 2 , as well as Extended Data Table 1 . Therefore, we have further extended the model to M = 9. Indeed, not only do we find that the M = 9 model is more likely to converge to parameters dominated by J1 and J9, but the fit quality is noticeably improved (Extended Data Fig. 3d&e ). Thus we conclude that the M = 9 model dominated by J1 and J9 is the most suitable description of the spin interactions in Cu3TeO6. This result is very different from all previous understandings of the spin interaction network of this compound [17, 18, 31, 38] .
Although the M = 9 Heisenberg model successfully describes the optical magnon dispersions, a noticeable discrepancy from the experimental data is the lack of low-energy excitation gap at the BZ centre. This is expected because the antiferromagnetic order breaks the continuous SU(2) symmetry, which guarantees that the low-energy excitations are gapless Goldstone modes. A physically rigorous remedy to this discrepancy is to introduce site-dependent exchange anisotropy that respects the crystal symmetry, such as Dzyaloshinsky-Moriya interactions [15, 39] , because spin-1/2 systems cannot have single-ion anisotropy. However, the presence of such site-dependent exchange anisotropy generally favours a non-collinear magnetic structure, which significantly complicates the LSWT calculations. Meanwhile, neutron powder diffraction results indicate that the magnetic order in Cu3TeO6 is predominantly collinear, with possible non-collinear canting of the spins being no more than 6 degrees [17] ; moreover, our INS data suggest that all magnons are two-fold degenerate (6 instead of 12 branches), which indicates that the magnetic ground state is approximately collinear. Therefore, we believe that the experimentally observed anisotropy gap can be accounted for by introducing a phenomenological global single-ion anisotropy term = − ( ) 2 ( > 0), without affecting the description of the optical branches. For the M = 9 model, this term leads to a gap at the Γ-point, = Indeed, Extended Data Fig. 3f shows that the successful description of the optical magnon dispersions remains intact after the anisotropy gap has been accounted for, and the best-fit parameters after introducing this anisotropy are very similar to those in the Heisenberg model (Extended Data Table 1 ). We note that such global single-ion anisotropy does not break the U(1) symmetry, hence our anisotropic model still results in Dirac-point-like band crossings rather than nodal rings, which are generally expected with the more realistic site-dependent exchange anisotropy [15] . However, given the very little effect of the single-ion anisotropy term on the optical magnon dispersions, we believe that the exchange anisotropy in Cu3TeO6
would not lead to any observable consequences in the optical magnon dispersions either.
Finally, to compare with the experimental data, we calculate the excitation spectra at any general Q and ω using the fully-optimized parameter set of the M = 9 model with global singleion anisotropy, by calculating
which can be converted into absolute scattering cross section units:
where N is the number of primitive cells in the sample, , both of which account for the presence of multiple antiferromagnetic domains in our sample [17, 39] and the fact that the neutron beam is not spin polarized. A damping to the magnons proportional to the magnon energies has been introduced so that the calculated magnon intensities have a finite energy width rather than being delta-function-like singularities. The calculated absolute cross sections are globally greater than the measured ones by a factor of 1.28, which effectively means that the measured intensities correspond to a spin system with S = 0.39 instead of S = 1/2. Since we have not considered the Debye-Waller factor, and because we have only corrected the measured intensities for neutron absorptions using the incident energy (the scattered neutrons are less energetic and suffer more from absorption), the above estimate of S = 0.39 constitutes a lower bound of the size of moment on each Cu 2+ (0.78 μB/Cu 2+ ). Note that this moment size is considerably larger than the expected value (0.60 μB) in a two-dimensional square lattice [41] , and is very close to that (0.83 μB) in a body- and with global single-ion anisotropy (fitted to be D = 0.46 meV with anisotropy gap = 2.8 meV; this is unphysical for spin 1/2, but is nevertheless used as an effective parameter) are displayed in the last two columns. In both cases, J9 and J1 are determined to be the primary interactions. The fit results are overall consistent with the understanding that fewer sequential bonds and straighter bond angles lead to stronger antiferromagnetic interactions, and that bond angles close to 90 degrees favour ferromagnetic interactions. J2 is particularly weak despite the short Cu-Cu distance, probably because the two associated exchange pathways (J2A and J2B) cancel against each other.
